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A PRODUCT FORMULA FOR

GENERALIZATIONS OF THE KERVAIRE INVARIANT
BY

EDGAR H. BROWN, JR.(})

ABSTRACT. Formulas are developed for the Arf invariant of the product
of two manifolds in terms of invariants of the factors. If the Wu orientations are
carefully chosen the formula is o(M X N) = a(M)a(N).

1. Introduction. Recall, if M is a smooth m-manifold, f: M — BO is the
classifying map of its normal bundle and v; € H(BO; Z[2) is the ith Wu class, fav; =
0 for 2i > m. Thus if we form a fibration over BO by killing v;, 2i > m, f lifts to
the total space of this fibration. We call such a lift a trivialization of v; on M.

In [4] we introduced an invariant o(M) € Z/8 (Z/l = Z[IZ) for closed, compact
smooth 2n-manifolds M with a trivialization of v, , ;. Let o(M) = 0 if dim M is odd.

o generalizes various formulations of the Kervaire invariant ([6], [3], and [1]) and it
plays a role analogous to the Hirzebruch index for surgery problems involving manifolds
of dimension 2n where n is odd. In this paper we give formulas relating o(M x N), o(M)
and o(V). In [2], W. Browder gave a special case of our formulas ((4.7) below). Also,

D. Sullivan’s product formula for surgery obstructions follows from our results ((4.8)).
The results of this paper were announced in [5].

To deal with o(M x N) we need a product procedure for handling the v, , ,
trivializations. In §2 we define a Wu orientation of M to be (essentially) a trivialization
of each of the classes v; for 2i > dim M and we define the product of two Wu orienta-
tions as in [2]. In the remainder of this section we assume all manifolds have Wu
orientations and M x N denotes the cartesian product with the product orientation.

By analogy with the index, one might hope that o(M x N) = o(M)o(V). Although
this holds if the Wu orientations are carefully chosen (see below), it does not hold in
general. The following is an interesting example of when this formula fails. o(M) is
an algebraic invariant associated to a quadratic function p: H"(M) — Z/4 where dim M
= 2n. (All cohomology is with Z/2 coefficient.) S™ has a nontrivial Wu orientation
V. Let §™ = (8™, V). o(S™ x §™) = 4 while 6(5™) = 0 since §” has no middle
dimensional cohomology.

To get around this difficulty we extend ¢, by a homotopy construct, to ¢: H*(M)
— A where A is a rather complicated ring (see §3) containing Z/4. ¢ has the property
that
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1.1n W(u © v) = p(u)p(v)

where u ® v € H¥(M x N). We then proceed by algebra, as in [4], to associate to ¢
an invariant X(y) essentially lying in the Grothendieck ring of such gadgets. We then
define (M) to be (). I satisfies Z(M x N) = Z(M)Z(N). Furthermore, Z(M) is
determined by o(M) and o, (M) € Z/2,k =1, 2, .. ., where 0, is characterized by
4o, (M) = o(S* x M) where 4: Z[2 — Z/8 is the inclusion. In terms of o and o, our
product formulas are

o x ) = o) +4 (£ 0,000,6))
0x(M x N) = o(M)o,(N) + 0, (M)o(N).

In defining product Wu orientations, one chooses liftings of certain maps on
universal examples. Furthermore, as in [4], one chooses certain homomorphisms,
in the language of [4], h,: 1y, (Y A K,) — Z[4. In our present treatment, we
again choose the homomorphism A, and these choices, together with (1.1), determine
the above liftings. Having made these choices and thus defined ¢ for all manifolds, we
define a preferred Wu orientation of M to be a Wu orientation such that o(HP(M)) =
0 for 2p < dim M. By (1.1) the product of preferred orientations is preferred. Every
manifold has a preferred orientation unique up to a trivialization of v, , ,, n =
[dim M/2] and 0, (M) = O for M with a preferred orientation. Thus for such orienta-
tions o(M x N) = o(M)o(N).

This paper is organized as follows: §2 deals with Wu orientations and their
products. In §3, ¢: H*(M) — A is constructed, modulo the main work of this paper
which consists in computing pairings between certain homotopy groups. These later
results are developed in § §5, 6, 7 and 8. In §4, (M) is defined and our results are
stated and proved.

Throughout we use smooth manifolds. Our results apply equally well to Poincaré
complexes. To formulate the results in terms of Poincaré complexes one replaces
smooth manifolds by triples (X, 0, &) where X is a Poincaré complex, 7 is its Spivak
normal bundle and a € 7, (T(n)) is a normal invariant.

All homology and cohomology will be with Z/2 coefficients. K, denotes
K(Z/[2, n). I: Z|k — Z/kl denotes the inclusion and i) is denoted by [ - n. Although
we formulate many of our constructions in terms of spectra, we make no very serious
use of spectra theory. The main point of this is to reduce the number of indices we
kave to carry around. Spectra in the sense of [8] is quite adequate for our purposes.
All manifolds will be closed, compact and smooth. We will be talking endlessly about
u € H°(M) and v € H'(V). m and n will denote the dimensions of M and N respect-
ively and p and g the dimensions of # and v.

2. Wu Orientations. In this section we essentially reproduce the material on Wu
orientations in [2]. Suppose pt=B, CB; C--+CB, C---CBis one of the
families of classifying spaces BOy, BSO,, BPL,;, BG,, etc., and suppose {; is the
universal bundle over B,. The essential feature that we require is that Whitney sums
make sense. Let p: B™ — B be the fibration induced from the contractible fibration
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by the map 0 vs— I X,
2i>m 2i>m
where v; € H'(B) is the Wu class. We define p,,: B’ — B, and ¢} to be the pull
back of p by the inclusion By C B and i’ = p,, *{,, respectively. Recall, under the
Whitney sum map
By XBi—=Byyyy v, 3y ®u

Hence the Whitney sumn maps lift to maps u: By x Bf' — B which in turn give

maps u: ¢ x {1 —> ¢m+n, Let TB™ be the Thom spectra {T(¢7")}, T = Thom
space. With a little effort one can choose the maps u consistently with respect to k
and I 50 as to give maps u: 7ZB™A TB" — TB™*". We call the collection, {{7, u}

a BWu system. Note that the maps 4 involve the choice of liftings .
Suppose M is a manifold. We assume cur manifolds come with smooth embeddings,

i: M CR™** [ large. Let v = v,, be the normal bundle of i and let T(v) denote the
Thom spectrum whose Ith term is 7(» + O' ). The Thom-Pontrjagin construction
yields an element ay, € 7, (T(v,,))-

DEFINITION (2.1). A B-Wu orientation of an m-manifold M is a bundle map
V: vy — ¢t Two such orientations are equivalent if they are homotopic. If U and
V are orientations of M and N, respectively, U x V is the orientation on M x N
given by U

V M
VMxN =Vy X Vy =5 $x % fln - g-?:’n.
Since v; is zero on M for 2i > m, we have
LEMMA (2.2). If vy, has a B-structure, M has a B-Wu orientation.

The standard trivialization of the normal bundle of S™ gives a map V: vy, —
& over the constant map of S™ into B,. Let g: S™ —> Bj represent the element of
7,,,(BY) coming from K, in the fibre of B — B,. g and V give a B-Wu orientation
Uof S™. Let §™ = (S™, U).

REMARK. Whenn=1,3 or 7,8: §™ — B is homotopic to the constant
map, but under this homotopy, U is transformed into the nontrivial framing of Vem-
(See proof of (4.5).)

REMARK (2.3). An alternate and technically somewhat simpler approach to Wu
orientations may be done as follows: Let Y™ be the spectrum whose /th term is the
two stage Postnikov system with K-invariant 11, ,, X(Sq): K; — MK, ; x is the
canonical antiautomorphism of the Steenrod algebra. The cup product maps K;; A K,
—> K, +1, lift to maps u: YPAY" — Y™, A Y ={Y™, u} orientation of an
m-manifold is a map V: T(v,;) — Y™ such that the generator of H°(Y™) pulls back
to the Thom class. Product orientations are defined as above and everything in this
paper can be done with Y™ replacing TB™.

3. The main geometric construction. Suppose M is a manifold, T(vy,) is its
normal bundle Thom spectrum, ay, € ,,(T(v),)) is the Thom Pontrjagin element and
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TB™ are all asin §2. Let V: T(vy) — TB™ come from a B-Wu orientation for M.
Let G = m,,(TB™ A K,). The cup product map c: K, N K, —K,,q and p: TB™

A TB" — TB™*™ define a pairing G, ® Gg — G,',”++q" by

a®B— (uAc)idAtAid)(aA B,
where ¢ permutes the factors of K p N T B™. Let G be the possibly nonassociative,
bigraded ring G = EG;". Denote multiplication by « - .

We construct a function § = 0 ,: H*(M) — G as follows: Recall, there is a
diagonal map A: T(v) — T(¥) A M*. On a vector x € v, x — (x, p(x)) where p is
the projection of ». If u € HP(M) = [M™, K], 6(u) = (V A u)A)u(ey) € Gy

By simply writing down the definitions one verifies

LEMMA (3.1). If u ® v € H¥(M x N) and U and V are B-Wu orientations of
M and N, then

Oyxy®v)=0,u)-0,0).

The main work of this paper is in analyzing G. We postpone this to later
sections and, at this point, give a theorem ((3.2)) which summarizes the results of
this analysis.

Let A be the polynomial ring over Z/4 in indeterminants ¢ and o, k = 0, 1, 2,

.. , modulo the relations
to, =0y, @y =2, 2t=2q =0o0q=0.
Suppose )\;‘;”: G;‘;” — Z/4 and A} Gp' — Z[2, m # 2p, are homomorphisms. They
give an additive map A: G — A as follows: Ifg€ G'p",
AB) =28 if m = 2p,
=N'@FPPT" i 2p>m,

= )\;"(B)am_zp if 2p <m.
Let ¢ = ¢y,0 HX(M) — A be defined by ¢ = A0. If we let ¢y = AZ'B,
W) =g+ X T+ Y Wy, g,
2p>m 2p<m
O j2 = 0if m is not even. Let Sq = Sq° +Sq! + - -+ be the Steenrod squaring
operation. In §8 we prove

THEOREM (3.2). Suppose {ff,,, 1} is @ B-Wu system as in §2 and \ is as above.

The juand X may be chosen so that for all B-Wu oriented manifolds M, ¢, satisfies:
M) ¢p'(@) = (Squ)M) if 2p > m,
¢ (@) = (Sq u)(M) mod (2)if 2p =m.

(i) vp'(u +v) = 95 () + ¢7'() + 2 * (u Y v)M) if 2p < m and u, v € HP(M).
(Note (WU v)(M) =0 if 2p # m.)

(iii) If ¢4 are oriented bundles, in the usual sense, and hence M has an orientation
Me H, (M; Z) via its B-Wu orientation, and m = 41, then go‘;f(u) = (pu)(lTl), where p is
the Pontrjagin square.
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(iv) ¢;p is the function giving rise to o(M) in [4].
W) If u ® veE HXM x N), p(u ® v) = p(u)p(v).

REMARK. The ring A arises from dividing G by the largest ideal possible without
losing the quadratic property of p. One may easily check that any proper ideal of A
intersects Z/4 nontrivially and hence ¢ is linear modulo such an ideal.

REMARK. As we will see in §8, the choice of u and A are not independent. In
fact, the choice of )\:” for all p, determines the remaining choices.

We must next examine how ¢ depends on B-Wu orientation of M. Suppose U,
and U,: vy, — 1 are two B-Wu orientations of M which are equivalent as B structures,
say to V: vy, —> ;. Then U, is equivalent to (f;, V) where f;: M — B} are liftings
of vyy: M — By. f, and f, differ by a map x: M — I, ,, K;_;. Conversely, U,
and an x as above give a U, equivalent to U, as a B structure. In §9 we prove

THEOREM (3.3). If U; and U, are B-Wu orientations of M which are equivalent
as B structures on vy, and x = {x;}, x; € H'(M), is as above, then

‘Pul(u) - ‘Puz(u) =2-uyV XIm/2 ])(M) + 1; @y x;)(M)Ol.-p
p
where u € HP (M).

DEFINITION (34). A B-Wu orientation U is preferred if o (HP(M)) = O for
2p<m.

CoROLLARY (3.5). If V: vy, —> &, is a B structure on vy, V lifts to a preferred
B-Wu orientation on M. The product of preferred orientations is preferred. Two
preferred orientations coming from V differ by a trivialization of vy, s = [m/2] + 1.

PROOF. Suppose U, is any B-Wu orientation associated to V. By Poincaré
duality, if 2p <m, ¢,(u) = (u U x,,, _,XM) for some x,,_, € H"“P(M). Change U,
by x = {x;} to form U. By (3.4), U is preferred. The assertion about products follows
from (3.2)(v). Note in the construction of U we have not used X[m/21- Uniqueness
up to a trivialization of v now follows.

4. A generalization of the Kervaire invariant. We first recall some algebra from
[4]. Suppose V is a vector space over Z/2 and ¢: V — Z, is quadratic in the sense
that o(u + v) — ¢(u) — ¢(v) is a nonsingular bilinear form with values in Z/2 = {0, 2}
C Z[4. o(y) € Z/8 is defined by the equation

: j ((2)
)> ) = \fpdim V(%Z_l)a )

uev
where i =+/~1. In [4] it was proved:

THEOREM (4.0). o is additive on direct sums of quadratic functions and mul-
tiplicative on tensor products. If ¢ = 2y, where y: V —> Z/[2, is nonsingular quadratic,
then o(¢) = 4 - Arf(¥). Arf 0 is Z, Y\ )V () where M\ vy} is @ symplectic basis for
V with respect to the bilinear form associated to Y. o(¢) = dim V mod(2).



300 E. H. BROWN, JR.
Suppose M and ¢: H*(M) — A are as in (3.2). We utilize 0 and ¢ to define
invariants o(M) € Z/8 and 0,(M) € Z/2,k =1,2,... . Let
V¥ = H'(M) ifm=2nand k=0,
=H'"M)+H™ ™M) fm—-k=2nand k>0,
=0 otherwise.
Let 0%: V*(M) — Z/2, for k > 0, be given by

6“(u, v) = () + (Sq VM) + (u Y v)(M)

for m — k even and 6% = 0 for m — k odd.

Let A =Z[8[a;], k= 1,2, ..., modulo the relations a} = 4, 22, = a,a, = 0,
k#1

DEFINITION (4.1).

oM) = o(p,) if m=2n,
=0 if m is odd.
o (M) = Aff(ek), Z(M) =oM) + Z%(M)ak-
Our main result is
THEOREM (4.2). If M and N are B-Wu oriented and M x N has the product

orientation with respect to Wu system {$i', u} where u is as in (3.2), then Z(M x N)
= Z(M)Z(N), or equivalently

oM x N) = o(B)o) + 4 (T o, () 0yM).
0, (M x N) = o(M) 0, (N) + a,(M)a(V)

(0, (M)a(N) = 0, (M)(o(M) mod(2))), o(M) = x(M) mod(2) where x = Euler character-
istic). If M and N have preferred orientations, o, (M) = 0, (N) = 0, all k, and o(M x N)
= o(M)o(V).

Before proving (4.2) we give some related results. ¢ is related to the Kervaire
invariant and the index as follows:

THEOREM (4.3). If the B-Wu orientation U of M has the property that Up M
—> B}” is the constant map, that is, U is a framing and m = 4l + 2, then
o(M) = 4 - (Kervaire invariant of M).
If {%,} are oriented in the usual sense and m = 41, then
o(M) = Index(M) mod(8).
For any M, o(M) = x(M) mod(2), where x(M) is the Euler characteristic.

The first and third parts of (4.3) are proved in [4] and the second part is a result
of S. Morita [7].

THEOREM (44). Ifk>morm—kisodd, o,(M)y=0. If m -k = 2n, g, (M)
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= ¢, (v,,) where v, is the nth Wu class. For any k, 4 -+ 0,(M) = o(S* x M) where S*
is S* with the nontrivial B-Wu orientation as in §2.

PROOF. The first part follows from the fact that ¥V*(M) = 0 for k > m or
m — k odd.

Suppose m — k = 2n and u € H™~"(M). (Sq u)(M) = (u U v,)(M). Choose a
basis A; for H"(M) and y; for H™™"(M) such that \, U p; = §;;. {A;, p;} is a symplec-
tic basis for VX(M). If v, = 0, 8%(y;) = (Sq #)(M) = 0, and hence Arf 6* = 0. If
v, # 0, choose \; =v,. Then

Arf 6% = 3050 (1) = 6%(v,) = 9, (v)-

In §9 we will prove

LEMMA (4.5). For 1 € H°(§"), (1) # 0. Hence 0,(5%) = ¢, (vy) = ¢, (1) = 1.
Then by (4.3), o(S* x M) = 4 - g, (M).

Combining the above results yields:

COROLLARY (4.6). 0,(5¥) =1, o(5* x §%) = 4, 0,(5* x P,,) = 1, where
P, , is real projective 2n-space.

The last equation in (4.6) is proved as follows:

0, x Pyy) = 0,(5)0(P,,) = 05 IxP, ) = 1.
In our language, W. Browder’s formula [2] is:

CoROLLARY (4.7). If the Wu classes v;, i > 0, are zero on M and ¢,,(1) = 0,
then oM x N) = o(M)x(N).

ProOF. By (4.4) 0,(M) = 0 for all k. (4.7) is obvious if M is odd-dimensional.
Suppose m = 2. Then by (3.2)(ii), on M,

20W)=2 @Y uM=2" (@, Yu)M)=0.
Hence ¢,(u) € {0, 2} and @, = 26, where 0: H'(M) — Z[2. Thus (M) =4 - Arf 6 €
{0, 4}. Then
o(M x N) = o(M)o(N) = o(M)(es(N) mod (2)) = o(M)x(N).

Finally, we sketch a proof of Sullivan’s product formula for surgery obstructions.
Suppose X = (x, n, @) is a Poincaré complex as in §1, X is simply connected and has
formal dimension 4/ + 2, M is a manifold and f: vy, — 7 is a map such that T(f)wayy
= a. Choose a BG-Wu orientation of X and orient M by pulling back this orientation
via f. In [4] it is shown that the surgery obstruction to making f;;: M — X into a
homotopy equivalence, o(f) € Z/2, is given by

4 - o(f) = o(M) - o(X) € {0, 4} C Z/8.

Suppose &, Y and g satisfy the same hypotheses as M, X and f except that dim N =
dim Y = 4k.

COROLLARY (4.8). o(f x 8 = o(f)x(V).



302 E. H. BROWN, JR.

ProoF. Recall,
o(Y) - o(N) = I(Y) ~ I(N) mod(8),
=0 mod(8),
since I(Y) — I(N), the surgery obstruction of g, is divisible by 8. As in (4.4), 0,(X) =
0, (X)). ox = wpr fif (see [4]). Thus o,(M) = 0,(X) and 0, (V) = 6,(¥). Hence
4+ o(f x ) = oM x N) = o(X x ¥) = o(M)o(N) - o(X)o(¥)
= (o(M) = o(X))a(Y) + o(M)(o(N) = o(Y))
=(4 - o(fNo(Y) = 4 - (a(Hx(Y)),

since o(Y) = x(¥Y) mod(2). Hence o(f x &) = o(f)x(V).
ProoF oF (4.2). We first prove

4.9 0, (M x N) = o(M)o,(N) + 0, (M)o(N).
Since o(M) = x(M) mod(2), (4.9) is equivalent to
4.10) 0, (M x N) = x(M)o,(N) + o, (M)X(N).

If m + rn —k is odd, one easily checks that both sides of (4.10) are zero. Suppose
2p =m +n—k. Note that the proof in (4.4) that o, (M) = ¢,(v)) for 2l =m -k
does not depend on (4.2).

v,(M x N) = 3 v(M) ® v,_{N)
and
0, (M x N) = ¢,(v,(M x N)).
Since v(M) = 0, 2i > m, the above sum for U,(M x N) has three types of nonzero terms:
@i=m/2;(0)i<m[2,p-i=n[2;(c) i<m[2, p—i<nf2. In case (c),
@V; ® V) = 9V %2 0p-ilUp-)On—2(p-i) = 0>
since ag. oy = 0 in A. In case (a),
oV; ® Uy ) = 12V 12 Wp—iVp—) U2 (p—i)-
When i = m[2, p —i = (n — k)/2 and hence ¢,_(v,_) = 0*(N). Let I = m/2. By
(3.2,
¢(v) = (v])(M) mod(2).
But (v,z)(M) = x(M) mod(2). The same argument applies to case (b), and (a) and (b)
give (4.10).
We complete the proof of (4.2) by showing

@.11) o(M x N) = o(M)o(N) + 4 - (Zok(M)ok(N)).

Let V} = V*(H), V= V¥Q0) and V¥ = V501 % N). Let 43 = 03,V and
¢’f = 205{, for k > 0. Let ¢'2‘ and ¢* be similarly defined for N and M x N and let
¢ = Z¢*. Since o is additive,

(4.12) o(@) = 220(¢*) = oM x N) + 4 - Lo (M x N).
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On the other hand, H*(M x N) = Z V¥ ® V! and hence

@.13) o@) = To@lVE ® Vi
avY ® V2 = ¢3¢) and therefore
(4.14) @IV} ® V3) = o(wiel) = a(e})o(vl) = oM)o(M).

We show that for k and / not both zero,
o@lVy ® V3) =4 (oMo (V) if k=1,

4.15) =4 (x(MoN)) ifk=0,
=4 (o, (Nx) ifl1=0,
=0 otherwise.

Combining this with (4.12), (4.13), and (4.14) we obtain (4.11). To prove (4.15) one
chooses symplectic bases for V{‘ and Vé as in the proof of 4.4 for k and I > 0. One
then forms a symplectic basis for V{‘ ® V; and computes the Arf invariant of

(@IV¥ ® V1)/2. We leave the details to the reader.

5. Thering G. Let TB™ and u be asin §2. Let Gpp =T, (TB"A K,),G =
ZGy', where G5’ = G, . Asin §3, u and the cup product maps define a pairing
B Gy, ®Gy, — Grl . Leta-B=p(a®p). The main objective of this
section is to compute Gn'"' » for 2p > n and to describe u. To do this we introduce a
variety of gadgets.

For any space or spectrum X let p: m, (XA K,) — H,,_p(X) be defined by
u(p(e)) = (u ® v,)(@) for all u € H""P(X) (p is the Hurewicz map followed by [tp)
t, is the generator of A P(K p)- P is the map which gives an isomorphism
limp_,,,ﬂn+p(XA K,)~ H,(X). Also let 7(): m,,(X A K,)— T 1 /(XA Kp+,) be
the maps used to define the above limit, that is 7(/) is the composition of the obvious
maps

Tn(X A KL)% Ty (XN S'K) = T (XA K L.

Let s: Gn"‘,p — Z/2 be given by s(e) = (1 ® Sq t,)(@) where 1 € HO(TB™) is
the Thom class. Let S be the sphere spectrum. Recall 7, p(S AK)) =~ Z[2. Let
By € G, be the image of the generator under

(@ Nid)y: my (S A K,) = m,,(TB™ A K )

where i: § — TB™ is the “inclusion of a fibre” and p > 0. Let 7' = 2[i] € n(TB™)
= G'onoo

Lemma (5.1).
()@ - 7(k)B) = (1 + K)(@ - B), s(a - B) = s(2)s(B),
@ s@=0 ifa€G andn>2p,
s7(e) = 5(0),  s(0) = (X(SP1(p(@)), p7()) = p.
(i) If 2p > n, p: G,’,'f P Hn_p(TB'”) is an isomorphism. If 2p = n, p is an
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epimorphism and the kernel is {0, f'}. By #0if m <2(p + 1).

(it)) If BE G 4. By - B =B By = s(BB, 17 . Note Ggg = 7o(S) = Z and
n-B=np, nE€Z Hence a special case of (iii) is 28 = ﬁg ‘B= s(ﬁ)ﬁg.

ProoF. (i) follows directly from the definitions. For large /, p: m, y (TB™ A K 1))
— H,_,(TB™) is an isomorphism since 7B™ is connected. TB™ is (—1) connected
and K, ,,=S'K, Ue?P*1+ y--- | Hence, r(l): m,(TB™ A K)=m,, (TB"A K, )
for 2p > n. Therefore p is an isomorphism on Gn"" pfor2p>n.

Let i = Su,: SK, — K, be an inclusion,D = K, , 1/SK,,and j: K, ., — D
the quotient map. D is 2p + 1 connected, kernel of H2P*2(j) is S¢”* ’tp_,_l and
H*P*%(D) ~ Z/2 is generated by a class v, such that H*P*2(j)y = 8¢ 1, ;.
Consider the commutative diagram: Denote TB™ by T™.

*
Tap+2T™ A Kpi1) ™ "2p+z(Tm/\ D) — 1r2p+,(T'”/\ SK,) — ﬂzp“(T"’ AKpi)—0

LT

Hy (™) XS gy 1o A Kp) L Hy(Tm)

where u(y(@)) = (u ® 7,)() forallu €H O(T™). The top row is exact and the squares
commute. Since D is 2p + 1 connected and m,, , ,(D) = Z/2, for p > 0, the Hurewicz
theorem gives that 7 is an isomorphism for p > 0. Therefore the kernel of

p: My (T™ A K) — H,(T™) is image(S “1)3,. The above diagram is functorial in
T™ s0i: S — T™ carries the diagram for S into the diagram for T™. For the S
diagram, image S 13, = m,5(S AK,). Hence for T™, ker p is {0, 5'}, » > 0. In
the above diagram

X(Sa? *1)(e) = (STt 1)(0) = v, 44(0).

Therefore (ii) is proved for p> 0. For p =0, m,,,,(T™A D)= m,,(T™) and
S~19, is multiplication by 2. Thus ker p is 2[i] = 7 and (ii) is proved for p = 0.
To prove (iii) consider the commutative diagram: (D, = K, , /SK,).

id x i id x j
Ky NSK, =K, AK,, ==K, AD,

l a lb lc
; .
SKp+q >Kpiq+1 > Dpyq

where a is the suspension of the cup product map, b is cup product and c is defined by
b. (Choose (b, a) to be an inclusion of pairs.) H*(jb)(Y,+,) = Sq? y ® Sq”"’lcp_,_,.
Hence,

52) HiOp1q =5 O,

Let 3 €My 4 o(T™ A D,) be the generator. 9,{y = f;'. u and ¢ define a map
T"ANK,NT™ AD, — Trm A D, .4 By (5.2), this map takes § A {7 into
s(ﬁ)i‘ZI;” for € G'z'q'q. Smash the above diagram with
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v
l

Tn+m

and apply m, to obtain a commutative ladder of exact sequences with connecting
homomorphisms 04

(B ® ") = @B © §5) = 3u(B)H T = BBy
This completes the proof of (5.1).

6. The ring L. The ring G is unnecessarily complicated for our purposes. For
example G;," for low values of p is very messy and 6: HP(M) — G;," is neither linear
nor quadratic. In this section we introduce a simpler ring L. Let

Ly =Gp,=G, if2p>m,
= Gy(m-p)m-p I 2P <m,
L=2L7.
Leta;" €Ly be deﬁnedbya;” =fmp if 20 < mand o' = 0 if 2p > m. Let
g G— L by
gpB) =8 ifBEG, and 2p > m,
=1(m—-2p)p) if2p <m.
We define a multiplication of L so that g is a ring homomorphism as follows: Suppose
a€Ly andBELy. If2p>mand2g>nor2p<mand2g <m af=a-p.
Otherwxse off is defined as follows: Let
ne)=a if2p<m
=12p-m)la if2p>m.
If v € Gy, let t(m, p)y = 7(Iyy where [ is chosen, if possible, so that (lyy € L;
then of = t(m + n, p + @)(r(e) - r(8)). 1t is extremely tedious but straightforward,

using (5.1)(ii) and (iii), to check that af is well defined. The formula 7(/)(@) * 7(k)(8)
= 7(l + k)(@ * f) immediately yields:

LemMaA (6.1). g(a - B) = of.

Lemma (62). 0 — {of'} — Ly £ H, _(T™) —> 0 is exact. o # 0 if
2p<m IfBeLy,

o B = Bog = (B "1.',", 28 = s(B)eyy -

Proor. (5.1)(ii) gives the exactness above. Suppose 2q > n and hence a =0.

If2p <m, () =0. If 2p >m, &} 1™ = 0. Suppose 2 <n. If2p<m,
oG8 = Brg " B= OB Tt mp = SOGLT
If 2p > m,
B ="t(m + n, p + q)(eg - rB)).
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If 2(p + ) > m + n this is zero and also o 7 = 0. If2(p +q) <m +n,
tim +n,p +q)=id and
o} 1) = SCENL T = s@)al .

If 2p>m, 28 = Osince Ly ~ H,,,_,(T™). If 2p <m, 28 = s(B)e by
(5.1)(iii).

7. Quadratic functions with values in L. Let M be a B-Wu oriented manifold
and let 6: H*(M) — G be as in §3. Define y: H*(M) — L by ¢ = gf where g: G
—> L is the map given in (6.1).

PROPOSITION (7.1).  has the following properties:

@ Y@ +v)=Y@) + Y@) + (u Y v)Mawhere u, vE HP(M),a=0if m+
2and a=al? ifm=2p.

(i) If u ® vE H*(M x N), Y(u ® v) = Y)Y ().

(iii) If U is the B-Wu orientations of M, then the diagram below is commutative.

HP(M) N L;,"
T
(Un)
Hpp(M) == H,,_,(B™)

t = pd and d: H,(TB™) =~ H,(B™) is the Thom isomorphism.

Proor. The definitions of # and ¢ immediately yield (iii). (ii) follows from
(3.1) and (6.2). (i) is true for 2p > m by (iii) and the fact that ¢ is an isomorphism

for 2p > m.
To prove (i) for 2p < m consider
A: HP(M) ~ H™P(S™2P ) = [s™ 22y, Kp_pl = (S™72PMH, K, ,}
where {, } denotes stable maps. In [4] it is shown that 4 is quadratic and its associated
bilinear form is cup product in H*(S™~2PM™). Thus A is linear if m # 2p.

§ M Ty) 2> Tyy) A M*
is an S-duality giving an S duality isomorphism
B: {S™72PM*, K,,_,} ~ my(T(pp) A Kipp_p)-
The B-Wu orientation U on M gives a map
WA id)y: 1, (T@y) A Kpyp) = 1,,(TB™ A Kppy )= L7,

VY = (UA id)BA. Hence ¥ is linear for 2p <m. In [4] it is shown that ¢ satisfies
(i) when m = 2p.

8. Proof of (3.2). Recall, in §2, B™ was constructed by killing v; for 2i > m.
We may arrange these constructions so that pr =B CB' Cc---CB™ C-
These maps define inclusion maps j;: TB™ — TB™*!. For 2p <m, j,,_, , induces a



GENERALIZATIONS OF THE KERVAIRE INVARIANT 307

map

7L = My (TB™ A Ky ) = Ty ) TB2 P A K,y = L2(mP),
Fuithermore, since o' comes from S A K,,,_, — TB™ A K,,,_,, r(e}’) = o2{""P),
Lemma (8.1). If the Wu system {$3, u} is oriented in the usual sense,
X®py ,)(agf) = 2 where p is the Pontrjagin square and X € H*(TB™; Z) is the Thom
class.
PROOF. Put the trivial B-Wu orientation on M = §2! x $¥ and letu=x® 1 +
1 ® x, where x € H?!(S?") is the generator. Since u comes from an integer class, pu =
u? and pu(M) = 2(x ® x)(M) = 2. M —> B™ is trivial and therefore, by (7.1)(iii),
V() = ca;", cE€Z2. (X pi,)(Yw)) = p)(M) = 2. Thusc =1 and (8.1) is
proved.
Choose homomorphisms &,: L2" —> Z/4 such that h,(a2™) = 2. This is possible
by (6.2). If {{}'} are oriented, choose k,, = (X ® pt,,;). Recall, by (6.2), if B € L;",
2B = s(B)a,’ and s(8) = 0 for 2p < m. Thus every element of Ly, for 2p <m, has
order two. We define A" as in §3 by the formulas:
A =s if 2p > m,
= hp if 2p=m,
2- )\'p" =hy_prg f2p<m,
where 7 is as above and g: G — L as in §6. Equivalently stated,

wp(u) = s¥(u) if2p>m,
= hpw(u) if2p=m,
29, =hy,_,r@) if2p<m.
LeEMMA (8.2). ¥, satisfies (3.2)(D)—(iv).
Proor. Proof of (i): If 2p > m,
@) = s¥(w) = (1 ® Sq ¢, )Y ()
= (1 © 5q ,X(U A u)A)(oy)
= ((Sq u) U X, Xap) = (Sq u)(M).

X, = Thom class of T(v;,). To show that ¢p(u) = (Sq w)(M) mod(2) for m = 2p,
we show that , = s mod(2) and hence the above argument gives the desired result.

2h,(8) = h,(28) = h,(s(B)a2P).
Since 1, (@3?) = 2, h, = s mod(2).
(3.2)(ii) follows from (7.1)(i). (i) is true by construction. (iv) holds because
our construction of ¢, for 2p = m is exactly the same as in [4].
To complete the proof of (3.2) we show that u can be chosen so that ¢(u ® v)
= @(u)p(v). ¢ =N and 6(u ® v) = 6(u) - 6(v) by (3.1). Also \ = Ag where \: L —
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A. g is multiplicative. Denote X by X. (3.2)(v) will be proved if we prove

LEMMA (8.3). The maps u for the B-Wu system {$}*, u} may be chosen so that
A L — A satisfies Mof) = Ma)A(B)-

In the remainder of this section « € L and € Lg, r=p+qandi=n+m
We first prove that (8.3) holds for 2r >/ and for a = a;," or = aZ independently of
the choice of u. If 2r >,

A@B) = s@f)*"™" = s(a)s(B)r* .

If 2p < m, s(¢) =0 and

AP = G (@, p)(s(ﬁ)fzq_") =0
since m — 2p < 2q — n and thus am_zptzq‘” =0. f2p=m,

NONB) = NF@GERI™) = (\7(0) mod(2)s@)2a™".

As shown in the proof of (8.2), A} = h, =s mod(2). Hence No)A(B) = s(@s(B)r*a—n.
The same argument holds for 2¢ < n. -If both 2p > m and 2q > n, M&)N(p) =
s(@)s)* .

Suppose a = a ‘o mB = s(ﬁ)a If2p<mor2>r, s(ﬁ)a = 0 and 7\(01;"))\([3)

—2 ps(ﬁ)t2q "=0. If 2p = mand 2r <1, s(8) = 0 and A(&A(B) = PANA () TP
= 0 If 2p = m and 2r = I, \(s(B) of,) 2 - 5(8). M@ N(B) = 2 - 5(B) because A(a}) =
2 and A(B) = s(B) mod(2).

{o}} is the kernel of p: L)} — H,,_,(TB™). Hence we have proved

LEMMA (8.4). There is a class d € ZH(TB™ A TB™) where the sum is over n
and mand i = [n + m(2], such that

AaB) = Ma)A(B) = d(p(@) ® p(B)oy_,,-
uri=2r, 0y =2means 2 - )

Let ' be some choice of . With respect to u’ we obtain a d as in (8.4). Let
d € TH*(B™ x B™) be the class corresponding to d under the Thom isomorphism.
B™*" is a principal fibration over B with fibre 11K, 2({ + 1) > m+ n. Modify
B™ x B" — B™*" by d to obtain a new u: TB™ A TB" — TB™*"_ Consider the
bilinear form from L;” ® Lg to A defined by A(a, B) = NoB) — A(a * B) where of
comes from u and & = § from u'. As proved above, A(af) = M@)A(B) for 2r > and
fora = ap orf= a , independently of the choice of u. Hence A, p)=0if 2r>1
and A(a, f) = A(p(a), p(B)) where A is a bilinear form from H,, _,(TB™) ® H,,_,(TB")
to A. Suppose 2r </ Consider the commutative diagram:

L;," ®L; — L — Lf_(:—’)

AN

(TBm) QH _q(TB”) — Hl—r(TB ) — H,_ (TB2(1—r))
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The bottom row is independent of u since H,_,(TB2 - )) ~ H,_,(B). Therefore

A(p(@), p(B)) = D(p(), (B3,
where D takes values in Z/2. To complete the proof of (8.2) we show

LemMA (8.5). D(p(e), p(8)) = d(o(e) ® p(B))-

ProOOF. Let Y! be the spectrum described in (2.3), that is, Y,'c is the two stage
Postnikov system with k-invariant I, , X(Sq"): K, — MK, ;. Let K; be the spectrum
whose jth term is K, ; and ; € H i(Ki) be the generator. Also denote the generator of
H(Y") by ty. Let f: TB' — Y' be a map such that f # 1 is the Thom class. f exists
because x(Sq’)1 = v; U 1. One may check that for any space X, if G': X — B' and
one modifies G' by d = {d;}, d; € H'(X), 2i > I to form G: X — B', then T(G * ')
— TB' — Y' is modified by d; € HY(TG x ¢') where d; corresponds to (7i under the
Thom isomorphism. We may choose f’ and maps g,: Y’ — Y'** such that

I x% I x

2(i+1)>1 2(i+1)>1-r
Yl _gL__, Y2(l—r)
T8 782"

commutes. g, is the projection. Let
F'=(f'Nid: TB'AK,_, —> Y'AK,,

andlet & = F‘*ai. (5.1) is applicable to Y/ instead of TB' so that E: #0. (g, Aid),a
=527, Let Cbe defined by
C@ /) = &, A id)uFiA, B) = D(p(@), pBNES ™
On the other hand ((a, f) is the image of §*~2" (o A B) under the map
SEaB™A K, ATB"A K)— I K A STk,
2(i+1)>1
- I K,NK,_, = YAk,

2(i+1)>2(-r)

where the first map is given by {d;} and cup product. t,_, ® ¢,_, evaluated on the
image of S'72"(a A f) is d(o(@) ® p(B)). Thus it is sufficient to prove

LEMMA (8.6). Under the map Z|2 ~ m, (I, K; A K;) — m, (Y2 A KJ), 1
goes to o2°.

ProOF. Let B be the image of 1. p(B) = O since NK; — Y2$ is homologically
trivial in dimension 5. Note m, s(Y” A K) is the homology of K with coefficients in
Y2$. The coefficient sequence nK; — Y2 — K, — IIK, gives an exact sequence,
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a
H2s(Ks) E H 2 s—i(Ks) HZS(KS; st)
izs
Q I

b
1r28<H K; A Ks) — (Y A K

wherea = 2,5 ¢ Sq’. a = 0 since Sqi tg = 0 for i >s. Therefore b is an injection and
thus g = Eﬁ’. The proof of (3.2) is complete.

9. Proof of (3.3) and (4.5).

ProOF OF (3.3). Suppose U; and U, are two B-Wu orientations on M which are
equivalent as B structures on vy,. As in the proof of (3.2)(v), U}, U,: T(vy) — TB™
differ by a map d: T(v) — 0> mKy. Let D(u): Z, p<me(M) — Z, be defined by
‘pUl(u) - ‘pUz(u) = D(u)am—2p’ We show
©.1) D)= uVd,_,)M
as in the proof of (3.2); (g, A id)*FitI/Li(u) differ, for i = 1 and 2, by the image of a;,
under

1(T@3) = T (TCs) A K ) = T3 <2I>1 K, A K,,,_p)
q>m

= My m-p)&mp A Knp) = Ty mepy( Y2 P AK, )

wherea = (d A W)y t,_, ® tn—p PUlls back to (d,,,_, U 1) U 1 in H¥(T(vyy)).
tn—p ® ty_p is one onthe generator of ”2(m—p)(Km—p ANK,,_p)- (9.1) now follows
from (8.6) and the proof of 3.3 is complete.

PROOF OF (4.5). Recall S" was B-Wu oriented to form S as follows: Choose a
standard framing of vg,, F: vg, —; R¥ ((S", F) is framed cobordant to zero). This
gives a B-Wu orientation U, : v), — R* - $% where i is the inclusion of a fibre.
Let U be the orientation on S" such that U and U, differ by the nontrivial map d: S"
— K,,. Hence by (3.3),

dy(1) = oy (1) + (1 U A",
(Qud)(S")=1and ¢u, (1) = 0 since the following diagram is commutative:
T(Vsn) - T(Vs,,) A 8"

2

TB" — TB" A B"*
and U, (agn) = 0. Thus py(1) = @, and (4.5) is proved.

TB" A K,
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